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Abstract
We present a supersymmetric model of quark and lepton based on S4 × Z3 × Z4
flavor symmetry. The S4 symmetry is broken down to Klein four and Z3 subgroups
in the neutrino and the charged lepton sectors respectively. Tri-Bimaximal mixing and
the charged lepton mass hierarchies are reproduced simultaneously at leading order.
Moreover, a realistic pattern of quark masses and mixing angles is generated with the
exception of the mixing angle between the first two generations, which requires a small
accidental enhancement. It is remarkable that the mass hierarchies are controlled by
the spontaneous breaking of flavor symmetry in our model. The next to leading order
contributions are studied, all the fermion masses and mixing angles receive corrections
of relative order λ2c with respect to the leading order results. The phenomenological
consequences of the model are analyzed, the neutrino mass spectrum can be normal
hierarchy or inverted hierarchy, and the combined measurement of the 0ν2β decay ef-
fective mass mββ and the lightest neutrino mass can distinguish the normal hierarchy
from the inverted hierarchy.
1e-mail address: dinggj@ustc.edu.cn
1 Introduction
Neutrino has provided us a good window to the new physics beyond the Standard Model.
Neutrino oscillation experiments have provided solid evidence that neutrinos have small but
non-zero masses. Global data fit to the current neutrino oscillation data demonstrates that
the mixing pattern in the leptonic sector is so different from the one in the quark sector. Two
independent fits for the mixing angles and the mass squared differences are listed in Table 1.
Ref. [1] Ref. [2]
parameter best fit±1σ 3σ interval best fit±1σ 3σ interval
∆m221 [10
−5eV2] 7.65+0.23−0.20 7.05–8.34 7.67
+0.22
−0.21 7.07–8.34
∆m231 [10
−3eV2] ±2.40+0.12−0.11 ±(2.07–2.75)
−2.39± 0.12
+2.49± 0.12
−(2.02–2.79)
+(2.13–2.88)
sin2 θ12 0.304
+0.022
−0.016 0.25–0.37 0.321
+0.023
−0.022 0.26–0.40
sin2 θ23 0.50
+0.07
−0.06 0.36–0.67 0.47
+0.07
−0.06 0.33–0.64
sin2 θ13 0.01
+0.016
−0.011 ≤ 0.056 0.003± 0.015 ≤ 0.049
Table 1: Three flavour neutrino oscillation parameters from two global data fits [1, 2].
As is obvious, the current neutrino oscillation data is remarkably compatible with the so
called Tri-Bimaximal (TB) mixing pattern [3], which suggests the following mixing pattern
sin2 θ12,TB =
1
3
, sin2 θ23,TB =
1
2
, sin2 θ13,TB = 0 (1)
These values lie in the 1σ range of global data analysis shown in Table 12. Correspondingly,
the leptonic Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix is given by
UTBPMNS = UTB diag(1, e
iα21/2, eiα31/2) (2)
where α21 and α31 are the Majorana CP violating phases, and UTB is given by
UTB =


√
2
3
1√
3
0
− 1√
6
1√
3
1√
2
− 1√
6
1√
3
− 1√
2

 (3)
The mixing in the quark sector is described by the famous CKM matrix [4], and there is
large mass hierarchies within the quarks and charged leptons sectors respectively [5]. The
origin of the observed fermion mass hierarchies and flavor mixings is a great puzzle in particle
physics. Nowadays promising candidates for understanding such issue are the models based on
spontaneously breaking flavor symmetry, various models based on discrete or continuous flavor
symmetry have been proposed so far [6,7]. Recently it was found that flavor symmetry based
on discrete group is particularly suitable to reproduce specific mixing pattern at leading order
2sin2 θ12,TB is exactly within the 1σ range of the second global data fit, whereas it slightly above the 1σ
up limit of the first fit.
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[8]. The A4 models are especially attractive, it has received considerable interest in the recent
past [9–14]. So far various A4 flavor models have been proposed, and their phenomenological
consequences were analyzed [15–18]. These models assumed that A4 symmetry is realized at
a high energy scale, the lepton fields transform nontrivially under the symmetry group, and
the flavor symmetry is spontaneously broken by a set of flavons with the vacuum expectation
value (VEV) along a specific direction. The misalignment in the flavor space between the
charged lepton and the neutrino sectors results in the TB lepton mixing.
If extend the A4 symmetry to the quark sector, the quark mixing matrix VCKM turns
out to be unity matrix at leading order [11], However, the subleading contributions of the
higher dimensional operators are too small to provide large enough deviations of VCKM from
the identity matrix. The possible ways of resolving this issue are to consider new sources
of symmetry breaking or enlarge the symmetry group. Two discrete groups T ′ [19–26] and
S4 [27–32] are found to be promising, both groups have two dimensional irreducible represen-
tation, which is very useful to describing the quark sector. The S4 symmetry is particularly
interesting, S4 as a horizontal symmetry group has been proposed long ago [33], and some
models with different purposes have been built [34]. Recently it was claimed to be minimal
flavor group capable of yielding the TB mixing without fine tuning [35–37]. However, Grimus
et al. were against this point [38].
In this work, we build a SUSY model based on S4 × Z3 × Z4 flavor group, the neutrino
mass is generated via the conventional type I See-Saw mechanism [39]. Our model naturally
produces the TB mixing and the charged lepton mass hierarchy at leading order. Furthermore,
we extend the model to the quark sector, the realistic patterns of quark masses and mixing
angles are generated. In our model the mass hierarchies are controlled by the spontaneous
breaking of the flavor symmetry instead of the Froggatt-Nielsen (FN) mechanism [40].
This article is organized as follows. Section 2 is the group theory of S4 group, where
the subgroup, the equivalent class, and the representation of S4 are presented. In section 3
we justify the vacuum alignment of our model in the supersymmetric limit. In section 4 we
present our model in both the lepton and quark sectors, its basic features and theoretical
predictions are discussed. In section 5 we analyze the phenomenological implications of the
model in detail, which include the mass spectrum, neutrinoless double beta decay and the
Majorana CP violating phases etc. The corrections induced by the next to leading order
terms are studied in section 6. Finally we summarize our results in the conclusion section.
2 The discrete group S4
S4 is the permutation group of 4 objects. The group has 24 distinct elements, and it can
be generated by two elements S and T obeying the relations
S4 = T 3 = 1, ST 2S = T (4)
Without loss of generality, we could choose
S = (1234), T = (123) (5)
where the cycle (1234) denotes the permutation (1, 2, 3, 4) → (2, 3, 4, 1), and (123) means
(1, 2, 3, 4) → (2, 3, 1, 4). The 24 elements belong to 5 conjugate classes and are generated
2
from S and T as follows
C1 : 1
C2 : STS2 = (12), TSTS2 = (13), ST 2 = (14), S2TS = (23), TST = (24), T 2S = (34)
C3 : TS2T 2 = (12)(34), S2 = (13)(24), T 2S2T = (14)(23)
C4 : T = (123), T 2 = (132), T 2S2 = (124), S2T = (142), S2TS2 = (134), STS = (143),
S2T 2 = (234), TS2 = (243)
C5 : S = (1234), T 2ST = (1243), ST = (1324), TS = (1342), TST 2 = (1423), S3 = (1432)
The structure of the group S4 is rather rich, it has thirty proper subgroups of orders 1, 2, 3,
4, 6, 8, 12 or 24. Concretely, the subgroups of S4 are as follows
1. The trivial group only consisting of the unit element.
2. Six two-element subgroups generated by a transposition of the form {1, (ij)} with i 6= j
H
(1)
2 = {1, STS2}, H(2)2 = {1, TSTS2}, H(3)2 = {1, ST 2}, H(4)2 = {1, S2TS}, H(5)2 =
{1, TST} and H(6)2 = {1, T 2S}
3. Three two-element subgroups generated by a double transition of the form {1, (ij)(kl)}
with i 6= j 6= k 6= l
H
(7)
2 = {1, TS2T 2}, H(8)2 = {1, S2}, H(9)2 = {1, T 2S2T}
4. Four subgroups of order three, which is spanned by a three-cycle
H
(1)
3 = {1, T, T 2},H(2)3 = {1, T 2S2, S2T},H(3)3 = {1, S2TS2, STS},H(4)3 = {1, S2T 2, TS2}
5. The four-element subgroups generated by a four-cycle, they are of the form {1, g, g2, g3}
with g any four-cycle
H
(1)
4 = {1, S, S2, S3}, H(2)4 = {1, TS, T 2ST, T 2S2T},H(3)4 = {1, TST 2, ST, TS2T 2}
6. The four-element subgroups generated by two disjoint transpositions, which is isomor-
phic to Klein four group
H
(4)
4 = {1, STS2, T 2S, TS2T 2},H(5)4 = {1, TSTS2, TST, S2},H(6)4 = {1, ST 2, S2TS, T 2S2T}
7. The order four subgroup comprising of the identity and three double transitions, which
is isomorphic to Klein four group
H
(7)
4 = {1, TS2T 2, S2, T 2S2T}
8. Four subgroups of order six, which is isomorphic to S3. They are the permutation
groups of any three of the four objects, leaving the fourth invariant
H
(1)
6 = {1, STS2, TSTS2, S2TS, T, T 2}, H(2)6 = {1, STS2, ST 2, TST, T 2S2, S2T},
H
(3)
6 = {1, TSTS2, ST 2, T 2S, S2TS2, STS}, H(4)6 = {1, S2TS, TST, T 2S, S2T 2, TS2}
3
classes
C1 C2 C3 C4 C5
nCi 1 6 3 8 6
hCi 1 2 2 3 4
11 1 1 1 1 1
12 1 -1 1 1 -1
2 2 0 2 -1 0
31 3 1 -1 0 -1
32 3 -1 -1 0 1
Table 2: Character table of the S4 group. nCi denotes the number of the elements contained in the class Ci,
and hCi is the order of the elements of Ci.
9. Three eight-element subgroups, which is isomorphic to D4
H
(1)
8 = {1, TSTS2, TST, S, S3, TS2T 2, S2, T 2S2T},
H
(2)
8 = {1, STS2, T 2S, ST, TST 2, TS2T 2, S2, T 2S2T}
H
(3)
8 = {1, ST 2, S2TS, T 2ST, TS, TS2T 2, S2, T 2S2T}
10. The alternating group A4
A4 = {1, TS2T 2, S2, T 2S2T, T, T 2, T 2S2, S2T, S2TS2, STS, S2T 2, TS2}
11. The whole group
In particular, H
(7)
4 and A4 are the invariant subgroups of S4. Since the number of the un-
equivalent irreducible representation is equal to the number of class, the S4 group has five
irreducible representations: 11, 12, 2, 31 and 32. 11 is the identity representation and 12 is the
antisymmetric one. The Young diagram for the two dimensional representations is self associ-
ated, and the Young diagrams corresponding to the three dimensional representations 31 and
32 are associated Young diagrams. For the same group element, the representation matrices
of 31 and 32 are exactly the same if the element is an even permutation. Whereas the overall
signs are opposite if the group element is an odd permutation. It is notable that S4 together
with T ′ is the smallest group containing one, two and three dimensional representations. The
character table of S4 group is shown in Table 2.
From the character table of the S4 group, we can straightforwardly obtain the multiplica-
tion rules between the various representations
1i ⊗ 1j = 1((i+j) mod 2)+1, 1i ⊗ 2 = 2, 1i ⊗ 3j = 3((i+j) mod 2)+1
2⊗ 2 = 11 ⊕ 12 ⊕ 2, 2⊗ 3i = 31 ⊕ 32, 3i ⊗ 3i = 11 ⊕ 2⊕ 31 ⊕ 32,
31 ⊗ 32 = 12 ⊕ 2⊕ 32 ⊕ 32, with i, j = 1, 2 (6)
The explicit representation matrices of the generators S, T and other group elements for the
five irreducible representations are listed in Appendix A. From these representation matrices,
one can explicitly calculate the Clebsch-Gordan coefficients for the decomposition of the
product representations, and the same results as those in Ref. [29] are obtained.
4
ℓ ec µc τ c νc QL Q3 u
c cc tc dc sc bc hu,d ϕ χ θ η φ ∆
S4 31 11 12 11 31 2 11 11 12 11 11 12 12 11 31 32 12 2 31 12
Z3 ω ω
2 ω2 ω2 1 1 1 1 1 1 ω 1 1 1 1 1 1 ω2 ω2 ω2
Z4 1 i -1 -i 1 -1 1 i 1 1 1 1 1 1 i i 1 1 1 -1
Table 3: The transformation rules of the matter fields and the flavons under the symmetry groups S4, Z3 and
Z4. ω is the third root of unity, i.e. ω = e
i 2pi
3 = (−1+ i√3)/2. We denote QL = (Q1, Q2)t which are doublets
of S4, where Q1 = (u, d)
t and Q2 = (c, s)
t are the electroweak SU(2) doublets of the first two generations.
Q3 = (t, b)
t is the electroweak SU(2) doublet of the third generation.
3 Field content and the vacuum alignment
The model is supersymmetric and based on the discrete symmetry S4 × Z3 × Z4. Super-
symmetry is introduced in order to simplify the discussion of the vacuum alignment. The S4
component controls the mixing angles, the auxiliary Z3 symmetry guarantees the misalign-
ment in flavor space between the neutrino and the charged lepton mass eigenstates, and the
Z4 component is crucial to eliminating the unwanted couplings and reproducing the observed
mass hierarchy. The fields of the model and their classification under the flavor symmetry are
shown in Table 3, where two Higgses doublets hu,d of the minimal supersymmetric standard
model are present. If the S4 flavor symmetry is preserved until the electroweak scale, then
all the fermions would be massless. Therefore S4 symmetry should be broken by the suitable
flavon fields, which are standard model singlets. Another critical issue of the flavor model
building is the vacuum alignment, a global continuous U(1)R symmetry is exploited to sim-
plify the vacuum alignment problem. This symmetry is broken to the discrete R parity once
we include the gaugino mass in the model. The matter fields carry +1 R-charge, the Higgses
and the flavon supermultiplets have R-charge 0. The spontaneous breaking of S4 symmetry
can be implemented by introducing a new set of multiplets, the driving fields carrying 2 unit
R-charge. Consequently the driving fields enter linearly into the superpotential. The suitable
driving fields and their transformation properties are shown in Table 4. In the following, we
will discuss the minimization of the scalar potential in the supersymmetric limit. At the lead-
ing order, the most general superpotential dependent on the driving fields, which is invariant
under the flavor symmetry group S4 × Z3 × Z4, is given by
Fields ϕ0 ξ
′0 θ0 η0 φ0 ∆0
S4 31 12 11 2 32 11
Z3 1 1 1 ω
2 ω2 ω2
Z4 -1 -1 1 1 1 1
Table 4: The driving fields and their transformation properties under the flavor group S4 × Z3 × Z4.
wv = g1(ϕ
0(ϕϕ)31)11 + g2(ϕ
0(χχ)31)11 + g3(ϕ
0(ϕχ)31)11 + g4ξ
′0(ϕχ)12 +M
2
θ θ
0 + κθ0θ2 +
f1(η
0(ηη)2)11 + f2(η
0(φφ)2)11 + f3(φ
0(ηφ)32)11 + h1∆
0∆2 + h2∆
0(ηη)11 + h3∆
0(φφ)11 (7)
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where the subscript 11 denotes the contraction in 11, similar rule applies to other subscripts
12, 2, 31 and 32. In the SUSY limit, the vacuum configuration is determined by the vanishing
of the derivative of wv with respect to each component of the driving fields
∂wv
∂ϕ01
= 2g1(ϕ
2
1 − ϕ2ϕ3) + 2g2(χ21 − χ2χ3) + g3(ϕ2χ3 − ϕ3χ2) = 0
∂wv
∂ϕ02
= 2g1(ϕ
2
2 − ϕ1ϕ3) + 2g2(χ22 − χ1χ3) + g3(ϕ3χ1 − ϕ1χ3) = 0
∂wv
∂ϕ03
= 2g1(ϕ
2
3 − ϕ1ϕ2) + 2g2(χ23 − χ1χ2) + g3(ϕ1χ2 − ϕ2χ1) = 0
∂wv
∂ξ ′0
= g4(ϕ1χ1 + ϕ2χ3 + ϕ3χ2) = 0
∂wv
∂θ0
=M2θ + κθ
2 = 0 (8)
This set of equations admit the solution
〈ϕ〉 = (0, vϕ, 0), 〈χ〉 = (0, vχ, 0), 〈θ〉 = vθ (9)
with
v2ϕ = −
g2
g1
v2χ, v
2
θ = −
M2θ
κ
, vχ undetermined (10)
From the driving superpotential wv, we can also derive the equations from which to extract
the vacuum expectation values of η, φ and ∆
∂wv
∂η01
= f1η
2
1 + f2(φ
2
3 + 2φ1φ2) = 0
∂wv
∂η02
= f1η
2
2 + f2(φ
2
2 + 2φ1φ3) = 0
∂wv
∂φ01
= f3(η1φ2 − η2φ3) = 0
∂wv
∂φ02
= f3(η1φ1 − η2φ2) = 0
∂wv
∂φ03
= f3(η1φ3 − η2φ1) = 0
∂wv
∂∆0
= h1∆
2 + 2h2η1η2 + h3(φ
2
1 + 2φ2φ3) = 0 (11)
The solution to the above six equations is
〈η〉 = (vη, vη), 〈φ〉 = (vφ, vφ, vφ), 〈∆〉 = v∆ (12)
with the conditions
v2φ = −
f1
3f2
v2η, v
2
∆ =
f1h3 − 2f2h2
f2h1
v2η, vη undetermined (13)
The vacuum expectation values (VEVs) of the flavons can be very large, much larger than the
electroweak scale, and we expect that all the VEVs are of a common order of magnitude. This
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is a very common assumption in the flavor model building, which guarantees the reasonability
of the subsequent perturbative expansion in inverse power of the cutoff scale Λ. Acting on
the vacuum configurations of Eq.(9) and Eq.(12) with the elements of the flavor symmetry
group S4, we can see that the VEVs of η and φ are invariant under four elements 1, TST ,
TSTS2 and S2, which exactly constitute the Klein four group H
(5)
4 . On the contrary, the
VEVs of ϕ and χ break S4 completely. Under the action of T or T
2, the directions of 〈ϕ〉
and 〈χ〉 are invariant except an overall phase. Considering the enlarged group S4 × Z3, the
vacuum configuration Eq.(9) preserves the subgroup Z3 generated by ωT , which is defined as
the simultaneous transformation of T ∈ S4 and ω ∈ Z3. As we shall see later that the S4
flavor symmetry is spontaneously broken down by the VEVs of η and φ in the neutrino sector
at the leading order(LO), and it is broken down by the VEVs of ϕ and χ in the charged lepton
sector. Whereas both η, φ and ϕ, χ are involved in generating the quark masses. The S4 flavor
symmetry is broken into the Klein four symmetry H
(5)
4 and the Z3 symmetry generated by
T in the neutrino and the charged lepton sector respectively at LO. This symmetry breaking
chain is crucial to generating the TB mixing.
4 The model with S4 × Z3 × Z4 flavor symmetry
In this section we shall propose a concise supersymmetric (SUSY) model based on S4 ×
Z3 × Z4 flavor symmetry with the vacuum alignment of Eq.(9) and Eq.(12).
4.1 Charged leptons
The charged lepton masses are described by the following superpotential
wℓ =
ye1
Λ3
ec(ℓϕ)11(ϕϕ)11hd +
ye2
Λ3
ec((ℓϕ)2(ϕϕ)2)11hd +
ye3
Λ3
ec((ℓϕ)31(ϕϕ)31)11hd
+
ye4
Λ3
ec((ℓχ)2(χχ)2)11hd +
ye5
Λ3
ec((ℓχ)31(χχ)31)11hd +
ye6
Λ3
ec(ℓϕ)11(χχ)11hd
+
ye7
Λ3
ec((ℓϕ)2(χχ)2)11hd +
ye8
Λ3
ec((ℓϕ)31(χχ)31)11hd +
ye9
Λ3
ec((ℓχ)2(ϕϕ)2)11hd
+
ye10
Λ3
ec((ℓχ)31(ϕϕ)31)11hd +
y′µ
Λ2
µc(ℓ(ϕχ)32)12hd +
yτ
Λ
τ c(ℓϕ)11hd + ... (14)
In the above superpotential wℓ, for each charged lepton, only the lowest order operators in
the expansion in powers of 1/Λ are displayed explicitly. Dots stand for higher dimensional
operators. Note that the auxiliary Z4 symmetry imposes different powers of ϕ and χ for the
electron, mu and tau terms. At LO only the tau mass is generated, the muon and the electron
masses are generated by high order contributions. After the flavor symmetry breaking and
the electroweak symmetry breaking, the charged leptons acquire masses, and wℓ becomes
wℓ =
[
(ye2 − 2ye3)
v3ϕ
Λ3
+ (−ye4 + 2ye5)
v3χ
Λ3
+ (ye7 − 2ye8)
vϕv
2
χ
Λ3
+ (−ye9 + 2ye10)
vχv
2
ϕ
Λ3
]
vde
ce
+ 2y′µ
vϕvχ
Λ2
vdµ
cµ+ yτ
vϕ
Λ
vdτ
cτ
≡ ye
v3ϕ
Λ3
vde
ce + yµ
vϕvχ
Λ2
vdµ
cµ+ yτ
vϕ
Λ
vdτ
cτ (15)
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where vd = 〈hd〉, ye = ye2 − 2ye3 + (−ye4 + 2ye5) v
3
χ
v3ϕ
+ (ye7 − 2ye8) v
2
χ
v2ϕ
+ (−ye9 + 2ye10) vχvϕ and
yµ = 2y
′
µ. As a result, the charged lepton mass matrix is diagonal at LO
mℓ =


ye
v3ϕ
Λ3
0 0
0 yµ
vϕvχ
Λ2
0
0 0 yτ
vϕ
Λ

 vd (16)
It is obvious that the hermitian matrix m†ℓmℓ is invariant under both T and T
2 displayed in
the Appendix A, i.e.,
T †m†ℓmℓT = m
†
ℓmℓ (17)
Conversely, the general matrix invariant under T and T 2 must be diagonal. Consequently
the S4 symmetry is broken to the Z3 subgroup H
(1)
1 ≡ Gℓ in the charged lepton sector. The
charged lepton masses can be read out directly as
me =
∣∣∣ye v
3
ϕ
Λ3
vd
∣∣∣, mµ =
∣∣∣yµvϕvχ
Λ2
vd
∣∣∣, mτ =
∣∣∣yτ vϕ
Λ
vd
∣∣∣ (18)
we notice that the charged lepton mass hierarchies are naturally generated by the spontaneous
symmetry breaking of S4 symmetry without exploiting the FN mechanism [11]. Using the
experimental data on the ratio of the lepton masses, one can estimate the order of magnitude
of vϕ/Λ and vχ/Λ. Assuming that the coefficients ye, yµ and yτ are of O(1), we obtain
me
mτ
∼ v
2
ϕ
Λ2
≃ 3× 10−4
mµ
mτ
∼ vχ
Λ
≃ 6× 10−2 (19)
Obviously the solution to the above equations is
(
vϕ
Λ
,
vχ
Λ
) ∼ (±1.73× 10−2, 6× 10−2) (20)
we see that the amplitudes of both vϕ/Λ and vχ/Λ are roughly of the same order about O(λ2c),
where λc is the Cabibbo angle.
4.2 Neutrinos
The superpotential contributing to the neutrino mass is as follows
wν =
yν1
Λ
((νcℓ)2η)11hu +
yν2
Λ
((νcℓ)31φ)11hu +
1
2
M(νcνc)11 + ... (21)
where dots denote the higher order contributions, M is a constant with dimension of mass,
and the factor 1
2
is a normalization factor for convenience. The first two terms in Eq.(21)
determine the neutrino Dirac mass matrix, and the third term is Majorana mass term. After
electroweak and S4 symmetry breaking, we obtain the following LO contributions to the
neutrino Dirac and Majorana mass matrices
mDν =

 2b a− b a− ba− b a + 2b −b
a− b −b a+ 2b

 vu, MN =

 M 0 00 0 M
0 M 0

 (22)
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where vu = 〈hu〉, a = yν1 vηΛ and b = yν2
vφ
Λ
. We notice that the Dirac mass matrix is symmetric
and it is controlled by two parameters a and b. The eigenvalues of the Majorana matrix MN
are given by
M1 =M, M2 = M, M3 = −M (23)
The right handed neutrino masses are exactly degenerate, this is a remarkable feature of our
model. Integrating out the heavy degrees of freedom, we get the light neutrino mass matrix,
which is given by the famous See-Saw relation
mν = −(mDν )TM−1N mDν = −
v2u
M

 2a
2 + 6b2 − 4ab a2 − 3b2 + 2ab a2 − 3b2 + 2ab
a2 − 3b2 + 2ab a2 − 3b2 − 4ab 2a2 + 6b2 + 2ab
a2 − 3b2 + 2ab 2a2 + 6b2 + 2ab a2 − 3b2 − 4ab


(24)
The above light neutrino mass matrix mν is 2 ↔ 3 invariant and it satisfies the magic
symmetry (mν)11+(mν)13 = (mν)22+ (mν)23. Therefore it is exactly diagonalized by the TB
mixing
UTν mνUν = diag(m1, m2, m3) (25)
The unitary matrix Uν is written as
Uν = UTB diag(e
−iα1/2, e−iα2/2, e−iα3/2) (26)
The phases α1, α2 and α3 are given by
α1 = arg(−(a− 3b)2/M)
α2 = arg(−4a2/M)
α3 = arg((a+ 3b)
2/M) (27)
m1, m2 and m3 in Eq.(25) are the light neutrino masses,
m1 = |(a− 3b)2| v
2
u
|M |
m2 = 4|a2| v
2
u
|M |
m3 = |(a+ 3b)2| v
2
u
|M | (28)
Concerning the neutrinos, the S4 symmetry is spontaneously broken by the VEVs of η
and φ at the LO. since both 〈η〉 and 〈φ〉 are invariant under the actions of TSTS2, TST
and S2, the flavor symmetry S4 is broken down to the Klein four subgroup Gν ≡ H(5)4 =
{1, TSTS2, TST, S2} in the neutrino sector. We can straightforwardly check that the light
neutrino mass matrix mν is really invariant under TSTS
2, TST and S2. On the contrary,
the most general neutrino mass matrix invariant under the Klein four group Gν is given by
mν =

 m11 m12 m12m12 m22 m11 +m12 −m22
m12 m11 +m12 −m22 m22

 (29)
9
where m11, m12 and m22 are arbitrary parameters. In the present model, the light neutrino
mass matrix is given by Eq.(24), which is a particular version of the neutrino mass matrix in
Eq.(29). Since only two parameters a and b are involved in our model, additional constraint
has to be satisfied, i.e. 3m211+4m12m11− 4m22m11− 8m212− 4m222 = 0, which is generally not
implied by the invariance under Gν . This is because that in our model the fields which break
S4 are a doublet η and a triplet φ, there are no further flavons transforming as 11 or 32 which
couple to the neutrino sector.
In short summary, at the LO the S4 flavor symmetry is broken down to Z3 and Klein four
subgroup in the charged lepton and neutrino sector respectively. We have obtained a diagonal
and hierarchical charged lepton mass matrix, the heavy neutrino masses are degenerate, and
the neutrino mixing matrix is exactly the TB matrix.
4.3 Effective operators
In the previous section, the neutrinos acquire masses via the See-Saw mechanism. It is
interesting to note that higher dimension Weinberg operator cloud also contribute to the
neutrino mass directly, which may correspond to exchanging some heavy particles rather
than the right handed neutrinos νc. In the present model, these effective light neutrino mass
operators are
weffν =
x
Λ3
(ℓhuℓhu)11∆
2 +
y1
Λ3
(ℓhuℓhu)11(η
2)11 +
y2
Λ3
((ℓhuℓhu)2(η
2)2)11 +
z1
Λ3
(ℓhuℓhu)11(φ
2)11
+
z2
Λ3
((ℓhuℓhu)2(φ
2)2)11 +
z3
Λ3
((ℓhuℓhu)31(φ
2)31)11 +
w
Λ3
((ℓhuℓhu)31(ηφ)31)11 (30)
With the vacuum configurations displayed in Eq.(12), the high dimension operators weffν leads
to the following effective light neutrino mass matrix
meffν =

 α + 2γ β − γ β − γβ − γ β + 2γ α− γ
β − γ α− γ β + 2γ

 v2u
Λ
(31)
where
α = 2x
v2∆
Λ2
+ 4y1
v2η
Λ2
+ 6z1
v2φ
Λ2
β = 2y2
v2η
Λ2
+ 6z2
v2φ
Λ2
γ = 4w
vηvφ
Λ2
(32)
Obviously meffν have the same texture as that in Eq.(29), and it is remarkable that this mass
matrix is diagonalized by TB matrix,
UTTBm
eff
ν UTB = diag(m
eff
1 , m
eff
2 , m
eff
3 ) (33)
where meff1 , m
eff
2 and m
eff
3 are the effective light neutrino masses coming from the above
high dimension Weinberg operators, they are given by
meff1 = (α− β + 3γ)
v2u
Λ
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meff1 = (α + 2β)
v2u
Λ
meff3 = (−α + β + 3γ)
v2u
Λ
(34)
If we consider the parameters yν1,ν2 ∼ O(1), y1,2 ∼ O(1), z1,2,3 ∼ O(1) and x ∼ w ∼ O(1),
we get the ratio
meffi
mi
∼ M
Λ
(35)
We see that the importance of Weinberg operators depends on the relative size of M and
Λ. Since we have assumed that the light neutrino masses mainly come from the See-Saw
mechanism, the right handed neutrino mass M should be much smaller than the cutoff scale
Λ. In the context of a grand unified theory, this corresponds to the requirement that M is
of order O(MGUT ) rather than of O(MP lanck). In some flavor models, right handed neutrino
masses are required to be below the cutoff Λ as well, in order to reproduce the experimental
value of the small parameter ∆m2sol/∆m
2
atm [14, 32]. Another convenient way of suppressing
the contributions of the effective operators is to introduce auxiliary symmetry further, so that
the Weinberg operators arise at much higher order and its contributions can be neglected.
4.4 Extension to the quark sector
The Yukawa superpotentials in the quark sector are
wq = wu + wd (36)
In the up quark sector, we have
wu = ytt
cQ3hu +
3∑
i=1
yti
Λ2
tc(QLO(1)i )11hu +
2∑
i=1
y′ti
Λ3
tc(QLO(2)i )11hu +
3∑
i=1
yci
Λ2
cc(QLO(1)i )12hu
+
2∑
i=1
y′ci
Λ3
cc(QLO(2)i )12hu +
yct
Λ
ccQ3θhu +
8∑
i=1
yui
Λ4
uc(QLO(3)i )11hu
+
2∑
i=1
y′ui
Λ3
ucQ3(O(4))11hu + ... (37)
where
O(1) = {ϕϕ, ϕχ, χχ}
O(2) = {η2∆, φ2∆}
O(3) = {ϕφ3, χφ3, ϕηφ2, χηφ2, ϕη2φ, χη2φ, ϕφ∆2, χφ∆2}
O(4) = {ϕ3, ϕχ2} (38)
The superpotentials contributing to the down quark masses are as follows
wd =
yb
Λ
bcQ3θhd +
3∑
i=1
ybi
Λ2
bc(QLO(1)i )12hd +
2∑
i=1
y′bi
Λ3
bc(QLO(2)i )12hd +
3∑
i=1
ysi
Λ2
sc(QLO(1)i )12hd
11
+
2∑
i=1
y′si
Λ3
sc(QLO(2)i )12hd +
3∑
i=1
y′′si
Λ3
scQ3(O(5)i )12hd +
6∑
i=1
ydi
Λ3
dc(QLO(6)i )11hd
+
y′d1
Λ3
dcQ3(ϕχ)12∆hd +
9∑
i=1
y′′di
Λ4
dcQ3(O(7)i )11hd + ... (39)
where
O(5) = {η3, ηφ2, θ3}
O(6) = {ϕ2η, ϕ2φ, χ2η, χ2φ, ϕχη, ϕχφ}
O(7) = {ϕ2θ∆, χ2θ∆, η4, η2∆2, η2φ2, ηφ3, φ4, φ2∆2,∆4} (40)
Since the quantum numbers of bc and sc are exactly the same, as is obvious from Table 3,
there are no fundamental distinctions between bc and sc, we have defined bc as the one which
couples to Q3θhd in the superpotential wd. We notice that both the supermultiplets ϕ, χ and
η, φ, which control the flavor symmetry breaking in the charged lepton and neutrino sectors
respectively, couple to the quarks. Consequently the S4 flavor symmetry is completely broken
in the quark sector. By recalling the vacuum configuration in Eq.(9) and Eq.(12), we can
write down the mass matrices for the up and down quarks
mu =


y
(u)
11
vϕv3φ
Λ4
y
(u)
12
vϕv3φ
Λ4
y
(u)
13
v3ϕ
Λ3
y
(u)
21
v2
φ
v∆
Λ3
y
(u)
22
v2ϕ
Λ2
y
(u)
23
vθ
Λ
y
(u)
31
v2
φ
v∆
Λ3
y
(u)
32
v2ϕ
Λ2
y
(u)
33

 vu (41)
md =


y
(d)
11
v2ϕvφ
Λ3
y
(d)
12
v2ϕvφ
Λ3
y
(d)
13
v4
φ
Λ4
y
(d)
21
v2
φ
v∆
Λ3
y
(d)
22
v2ϕ
Λ2
y
(d)
23
v3
θ
Λ3
y
(d)
31
v2
φ
v∆
Λ3
y
(d)
32
v2ϕ
Λ2
y
(d)
33
vθ
Λ

 vd (42)
where y
(u)
ij and y
(d)
ij (i, j = 1, 2, 3) are the sum of all the different terms appearing in the
superpotential, all of them are expect to be of order one. We note that the contribution
of dcQ3(ϕχ)12∆hd vanishes with the LO vacuum alignment, accordingly the (13) element of
the down quark mass matrix md arise at order 1/Λ
4. Diagonalizing the above quark mass
matrices in Eq.(41) and Eq.(42) with the standard perturbation technique, we obtain the
quark masses as follows
mu ≃
∣∣∣y(u)11 vϕv
3
φ
Λ4
vu
∣∣∣
mc ≃
∣∣∣y(u)22 v
2
ϕ
Λ2
vu
∣∣∣
mt ≃
∣∣∣y(u)33 vu
∣∣∣
md ≃
∣∣∣y(d)11 v
2
ϕvφ
Λ3
vd
∣∣∣
ms ≃
∣∣∣y(d)22 v
2
ϕ
Λ2
vd
∣∣∣
mb ≃
∣∣∣y(d)33 vθΛ vd
∣∣∣ (43)
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We see that the quark mass hierarchies are correctly produced if the VEVs vη, vφ, vθ and v∆
are of order O(λ2cΛ) as well. This is consistent with our naive expectation that all the VEVs
should be of the same order of magnitude. Note that the quark mass hierarchies are generated
through the spontaneous breaking of the flavor symmetry instead of the FN mechanism. It
is obvious that the mass hierarchies between top and bottom quark mainly come from the
symmetry breaking parameter vθ/Λ, and tanβ ≡ vuvd should be of order one in our model.
Comparing with the tau lepton mass mτ predicted in Eq.(18), we see that mτ and mb are of
the same order, this is consistent with the b−τ unification predicted in many grand unification
models.
For the quark mixing, the CKM matrix elements are estimated as
Vud ≃ Vcs ≃ Vtb ≃ 1
V ∗us ≃ −Vcd ≃
(y(d)21
y
(d)
22
− y
(u)
21
y
(u)
22
) v3φ
Λv2ϕ
V ∗ub ≃
y
(u)
22 y
(d)
31 − y(u)21 y(d)32
y
(u)
22 y
(d)
33
v3φ
Λ2vθ
V ∗cb ≃ −Vts ≃
y
(d)
32
y
(d)
33
v2ϕ
Λvθ
Vtd ≃ y
(d)
21 y
(d)
32 − y(d)22 y(d)31
y
(d)
22 y
(d)
33
v3φ
Λ2vθ
(44)
We see that the correct orders of the CKM matrix elements are reproduced with the exception
of Cabibbo angle. The Vus(or Vcd) is the combination of two independent contributions of
order λ2c , we need an accidental enhancement of the combination
(
y
(d)
21
y
(d)
22
− y
(u)
21
y
(u)
22
)
of order 1/λc
in order to obtain the correct Cabibbo angle.
5 Phenomenological implications
In the following we shall study the constraints on the model imposed by the observed values
of ∆m2sol ≡ m22 − m21 and ∆m2atm ≡ |m23 − m21(m22)|. The important physical consequences
of our model are investigated in details, and the corresponding predictions are presented. In
this section we mainly concentrate on the neutrino sector. We assume that the right handed
neutrino mass M is much smaller than the cutoff scale Λ of the theory, then the light neutrino
masses are dominantly generated via the See-Saw mechanism.
5.1 The neutrino mass spectrum
According to Eq.(28), the light neutrino mass spectrum is controlled by two parameters
a and b, which are in general both complex numbers. For convenience, we define
b
a
= ReiΦ (45)
with R = | b
a
|. As we will see in the following, all the low energy observables can be expressed
in terms of only three independent quantities: the ratio R, the relative phase Φ between a
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Figure 1: The variation of cosΦ with respect to the lightest neutrino mass m1 for the normal hierarchy
spectrum. In Fig. 1a, cosΦ is the taken to be the expression in Eq.(48), and Fig. 1b corresponds to the value
of cosΦ in Eq.(49).
and b, and the lightest neutrino mass. Experimentally, only two spectrum observables ∆m2sol
and ∆m2atm have been measured, therefore the light neutrino mass spectrum can be normal
hierarchy(NH) or inverted hierarchy(IH). The ratio between ∆m2sol and ∆m
2
atm is given by
∆m2sol
∆m2atm
=
15− 81R4 − 18R2 − 36R2 cos2Φ + 12R(1 + 9R2) cosΦ
24R(1 + 9R2)| cosΦ| (46)
where we have taken ∆m2atm = |m23 − m21| for both the NH and IH neutrino spectrums for
convenience. Moreover, we have the following relationships for the neutrino masses
16m21
m22
= 1 + 81R4 + 18R2 + 36R2 cos2Φ− 12R(1 + 9R2) cosΦ
16m23
m22
= 1 + 81R4 + 18R2 + 36R2 cos2Φ+ 12R(1 + 9R2) cosΦ (47)
Then the parameters R and cosΦ can be expressed in terms of light neutrino mass as follows


R = 1
3
√
2(m3+m1)
m2
− 1
cosΦ = m3−m1
m2
1r
2(m3+m1)
m2
−1
(48)
or 

R = 1
3
√
2|m3−m1|
m2
− 1
cosΦ =
m23−m21
m2|m3−m1|
1r
2|m3−m1|
m2
−1
(49)
These results hold for both the normal hierarchy and inverted hierarchy spectrum. In the
case of normal hierarchy, m2 and m3 can be expressed as functions of the lightest neutrino
mass: m2 =
√
m21 +∆m
2
sol and m3 =
√
m21 +∆m
2
atm. For the inverted hierarchy, m3 is
the lightest neutrino mass, the remaining two masses are m1 =
√
m23 +∆m
2
atm and m2 =√
m23 +∆m
2
sol +∆m
2
atm. As a result, taking into account the experimental information on
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Figure 2: cosΦ as a function of the lightest neutrino mass m3 for the inverted hierarchy spectrum. Fig. 2a
and Fig. 2b are for the cosΦ values in Eq.(48) and Eq.(49) respectively.
∆m2sol and ∆m
2
atm, there is only one real parameter undetermined, and it is chose to be
the lightest neutrino mass ml(m1 or m3) in the present work. Hence our model is quite
predictive. We display cosΦ as a function of the lightest neutrino mass in Fig.1 and Fig.2
for the normal hierarchy and inverted hierarchy respectively, where the best fit values of
∆m2sol = 7.65 × 10−5 eV2 and ∆m2atm = 2.40 × 10−3 eV2 have been used. For the solution
of R and cosΦ shown in Eq.(49), we can clearly see that the corresponding value of | cosΦ|
would be larger than 1 in the case of both normal hierarchy and inverted hierarchy spectrum.
Furthermore, we have verified that | cosΦ| is always larger than 1 for the 3σ range of ∆m2sol and
∆m2atm, therefore the solution in Eq.(49) can be disregarded thereafter. From the condition
| cosΦ| ≤ 1, we obtain the following constraints on the lightest neutrino mass,
m1 ≥ 0.011 eV, Normal hierarchy
m3 > 0.0 eV, Inverted hierarchy (50)
For the NH spectrum, we have a lower bound on m1, which is satisfied for Φ = 0. The
corresponding values of cosΦ are positive, then Φ is in the range of 0 ∼ π/2 or 3π/2 ∼ 2π.
In the case of IH, cosΦ is negative so that Φ varies between π/2 to 3π/2. From Fig. 2 we
can see that cos Φ is very close to -1 for m3 tending to zero, the lightest neutrino mass m3 is
less constrained.
5.2 Neutrinoless double beta decay
Neutrinoless double beta decay (0ν2β) is a sensitive probe to the scale of the neutrino
masses, it is a very slow lepton-number-violating nuclear transition that occurs if neutrinos
have mass and are Majorana particles. The rate of 0ν2β decay is determined by the nu-
clear matrix elements and the effective 0ν2β-decay mass |mββ |, which is defined as |mββ| =
|∑k(UPMNS)2ekmk|. In the present model it is given by
|mββ| = |2a2 + 6b2 − 4ab| v
2
u
|M |
=
m2
2
[
1 + 9R4 + 4R2 + 6R2 cos(2Φ)− 12R3 cosΦ− 4R cosΦ
]1/2
(51)
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By using Eq.(48), we can express |mββ| in terms of the lightest neutrino mass ml, the corre-
sponding results are shown in Fig.3. The vertical line represents the future sensitivity of the
KATRIN experiment [41], the horizontal ones denote the present bound from the Heidelberg-
Moscow experiment [42] and the future sensitivity of some 0ν2β decay experiments, which are
15 meV, 20 meV and 90 meV, respectively of CUORE [43], Majorana [44]/GERDA III [45]
and GERDA II experiments. From Fig. 3 we conclude that for the allowed values of ml, the
predictions for mββ approach the future experimental sensitivity. For the NH spectrum, the
effective mass mββ can reach a very low value about 7.8 meV. Whereas the lower bound for
mββ is approximately 44.3 meV in the case of IH. A combined measurement of the effective
mass mββ and the lightest neutrino mass can determine whether the neutrino spectrum is NH
or IH in our model.
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Figure 3: mββ as a function of the lightest neutrino mass ml, the solid and dashed lines represent the NH
and IH cases respectively.
5.3 Beta decay
One can directly search for the kinetic effect of nonzero neutrino masses in beta decay
by modification of the Kurie plot. This search is sensitive to neutrino masses regardless of
whether the neutrinos are Dirac or Majorana particles. For small neutrino masses, this effect
will occur near to the end point of the electron energy spectrum and will be sensitive to the
quantity mβ = [
∑
k |(UPMNS)ek|2m2k]1/2. For the present model, we have
mβ =
1√
3
(2m21 +m
2
2)
1/2 (52)
This result holds for both the NH and IH spectrums. In Fig.4 we plot mβ versus the lightest
neutrino mass ml, the horizontal line represents the future sensitivity of 0.2 eV from the
KATRIN experiment.
16
1E-3 0.01 0.1 1
1E-3
0.01
0.1
1
 
 
m
(e
V
)
m
l
(eV)
KATRIN
Figure 4: Variation of mβ with respect to the lightest neutrino mass ml, the solid and dashed lines represent
the NH and IH spectrum respectively.
5.4 Sum of the neutrino masses
The sum of the neutrino masses
∑
kmk is constrained by the cosmological observation. In
Fig. 5 we display the sum of the neutrino masses as a function of the lightest neutrino mass
ml. The vertical line denotes the future sensitivity of KATRIN experiment, and the horizontal
lines are the cosmological bounds [46]. There are typically five representative combinations
of the cosmological data, which lead to increasingly stronger upper bounds on the sum of
the neutrino masses. We show the two strongest ones in Fig. 5. The first one at 0.60 eV
corresponds to the combination of the Cosmic Microwave Background (CMB) anisotropy
data (from WMAP 5y [47], Arcminute Cosmology Bolometer Array Receiver (ACBAR) [48],
Very Small Array (VSA) [49], Cosmic Background Imager (CBI) [50] and BOOMERANG
[51] experiments) plus the large-scale structure (LSS) information on galaxy clustering (from
the Luminous Red Galaxies Sloan Digital Sky Survey (SDSS) [52]) plus the Hubble Space
Telescope (HST) plus the luminosity distance SN-Ia data of [53] and finally plus the BAO
data from [54]. The second one at 0.19 eV corresponds to all the previous data combined to
the small scale primordial spectrum from Lyman-alpha (Lyα) forest clouds [55]. We see that
the current cosmological information on the sum of the neutrino masses can hardly distinguish
the NH spectrum from the IH spectrum.
5.5 The Majorana CP violating phases
In the standard parametrization [5], the lepton PMNS mixing matrix is defined by
UPMNS =

 c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 diag(1, eiα21/2, eiα31/2)
(53)
where cij = cos θij , sij = sin θij with θij ∈ [0, π/2], δ is the Dirac CP violating phase, α21 and
α31 are the two Majorana CP violating phases, all the three CP violating phases δ, α21 and
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Figure 5: The sum of the neutrino masses
∑
k mk versus the lightest neutrino mass ml, the solid and dashed
lines represent the NH and IH spectrum respectively.
α31 are allowed to vary in the range of 0 ∼ 2π. Recalling that the leptonic mixing matrix is
given by Eq.(26) at LO, in the standard parametrization it is,
UPMNS = e
−iα1/2 diag(1, 1,−1)UTB diag(1, ei(α1−α2)/2, ei(α1−α3)/2) (54)
where the overall phase e−iα1/2 can be absorbed into the charged lepton fields. Comparing
Eq.(54) with Eq.(53), we can identify the two CP violating phases as
α21 = α1 − α2, α31 = α1 − α3 (55)
Similar to other low energy observables, α21 and α31 can be written as functions of the
parameters R and Φ,


sinα21 =
9R2 sin(2Φ)−6R sinΦ
1+9R2−6R cosΦ ,
cosα21 =
1+9R2 cos(2Φ)−6R cosΦ
1+9R2−6R cos Φ
(56)


sinα31 =
12R(1−9R2) sinΦ
1+81R4+18R2−36R2 cos2 Φ
cosα31 = −1+81R
4−36R2+18R2 cos(2Φ)
1+81R4+18R2−36R2 cos2 Φ
(57)
Note that the relations between R, Φ and the light neutrino masses are displayed in Eq.(48).
In contrast to other low energy observables such as the light neutrino masses, mββ and mβ
etc., the Majorana phases α21 and α31 depend on both cosΦ and sin Φ, and not only on cosΦ.
In Fig.6 we show the behavior of the Majorana phases α21 and α31 with respect to the lightest
neutrino mass ml, where we choose sin Φ > 0 for illustration.
It is well-known that the See-Saw mechanism provides an elegant explanation for the
smallness of the neutrino mass, meanwhile the baryon asymmetry may be produced through
the out of equilibrium CP violating decays of the right handed neutrino νc. As is shown
in Eq.(23), at LO the heavy neutrino masses are exactly degenerate in our model, then
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leptogenesis can be naturally implemented via the so-called resonant leptogenesis mechanism
[56]. Since more other subtle issues are involved in the resonant leptogenesis, the analysis of
whether the observed baryon asymmetry can be naturally generated in our model is beyond
the range of the present paper, which will be discussed in future work [57].
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Figure 6: The dependence of the Majorana CP violating phases α21 and α31 on the lightest neutrino mass
ml. Solid and dashed lines refer to α21 and α31 respectively. Fig.6a corresponds to the NH mass spectrum,
and Fig.6b is for the IH case, where sinΦ is taken to be positive.
The phenomenological consequences for the LO order predictions of our model have been
analyzed . As we shall show in the next section that our model gets corrections when higher
dimensional operators are included in the Lagrangian. These corrections modify the leading
order predictions by terms of relative order λ2c , hence the results presented so far are still
correct approximately. However, we would like to note that due to the next to the leading order
contributions, a cancallation could be present for the effective 0ν2β-decay mass, consequently
mββ could reach zero in the NH case.
6 Next to the leading order corrections
The results of the previous section hold to first approximation. At the next to leading
order (NLO), the superpotentials wv, wℓ, wν , wu and wd are corrected by higher dimensional
operators compatible with the symmetry of the model, whose contributions are suppressed by
at least one additional power of Λ. The residual Klein four and Z3 symmetry in the neutrino
and the charged lepton sectors at LO would be broken completely by the NLO contributions.
The NLO terms in the driving superpotential leads to small deviation from the LO vacuum
alignment. The masses and mixing matrices are corrected by both the shift of the vacuum
configuration and the NLO operators in the Yukawa superpotentials wℓ, wν , wu and wd. In
the following, the NLO corrections to the vacuum alignment and the mass matrices will be
discussed one by one, and the resulting physical effects are studied.
6.1 Corrections to the vacuum alignment
The NLO operators of the driving superpotential wv and the corresponding corrections to
the LO vacuum alignment in Eq.(9) and Eq.(12) are discussed in the Appendix B in details.
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The inclusion of the higher dimensional operators results in the shift of the VEVs of the flavon
fields, the vacuum configuration is modified into
〈ϕ〉 = (δvϕ1 , vϕ + δvϕ2 , δvϕ3), 〈χ〉 = (δvχ1, vχ, δvχ3),
〈η〉 = (vη, vη + δvη2), 〈φ〉 = (vφ + δvφ, vφ + δvφ, vφ + δvφ),
〈θ〉 = vθ + δvθ (58)
where vχ and vη are still undetermined, and the VEV v∆ is not corrected by the NLO terms.
All the corrections are suppressed by 1/Λ, and the shift of 〈φ〉 turns out to be proportional
to its LO VEV. Since all the VEVs are required to be of order O(λ2cΛ), we expect these
corrections would modify the LO VEVs by terms of relative order λ2c .
6.2 Corrections to the mass matrices
The corrections to the fermion mass matrices originate from two sources: the first is the
higher dimensional operators in the Yukawa superpotentials wℓ, wν , wu and wd, and the second
is the deviation from the LO vacuum alignment, which is induced by the NLO terms in the
driving potential. As a result, at NLO the mass matrices are the sum of the contributions of
higher dimension operators evaluated with the insertion of the the LO VEV, and those from
the LO superpotentials evaluated with the NLO VEVs.
For the charged leptons, the superpotential wℓ is corrected by the following sisteen NLO
operators
ec(ℓϕ3)12θhd, e
c(ℓϕ2χ)12θhd, e
c(ℓϕχ2)12θhd, e
c(ℓχ3)12θhd,
ec(ℓϕη2)12∆hd, e
c(ℓχη2)12∆hd, e
c(ℓϕηφ)12∆hd, e
c(ℓχηφ)12∆hd,
ec(ℓϕφ2)12∆hd, e
c(ℓχφ2)12∆hd, µ
c(ℓϕ2)11θhd, µ
c(ℓχ2)11θhd,
µc(ℓϕχ)11θhd, µ
c(ℓφ2)11∆hd, µ
c(ℓηφ)11∆hd, τ
c(ℓχ)12θhd (59)
Taking into account the contributions of the modified vacuum alignment at NLO, each di-
agonal entry of the charged lepton mass matrix receives a small correction factor, while the
off-diagonal entries become non-zero and of the order of the diagonal term in each row mul-
tiplied by ε, which parameterizes the ratio V EV/Λ with order O(λ2c). Then we have
mℓ =

 m
ℓ
11ε
2 mℓ12ε
3 mℓ13ε
3
mℓ21ε
2 mℓ22ε m
ℓ
23ε
2
mℓ31ε m
ℓ
32ε m
ℓ
33

 εvd (60)
where the coefficients mℓij(i, j =1,2,3) are order one unspecified constants. The hermitian
matrix m†ℓmℓ is diagonalized by the unitary matrix Uℓ, which exactly corresponds to the
transformation of the charged leptons used to diagonalize mℓ,
U †ℓm
†
ℓmℓUℓ ≃ diag(|mℓ11ε3|2, |mℓ22ε2|2, |mℓ33ε|2)v2d (61)
The charged lepton masses are modified by terms of relative order ε with respect to LO results,
consequently the NLO corrections don’t spoil the charged lepton mass hierarchies predicted
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at LO. The unitary matrix Uℓ is approximately given by
Uℓ ≃


1 (
mℓ21
mℓ22
ε)∗ (m
ℓ
31
mℓ33
ε)∗
−mℓ21
mℓ22
ε 1 (
mℓ32
mℓ33
ε)∗
−mℓ31
mℓ33
ε −mℓ32
mℓ33
ε 1

 (62)
Then we turn to the neutrino sector. The NLO correction to the Majorana masses of the
right handed neutrino arises at order 1/Λ, the corresponding higher dimensional operator is
(νcνc)11θ
2, whose contribution can be completely absorbed into the redefinition of the mass
parameter M . The NLO corrections to the neutrino Dirac couplings are
yν1
Λ
(νcℓδη)11hu +
yν2
Λ
(νcℓδφ)11hu +
xν1
Λ2
(νcℓη)12θhu +
xν2
Λ2
(νcℓφ)12θhu (63)
where δη and δφ represent the shifted VEVs of the flavons η and φ respectively. Through
redefining the LO parameters a → a − xν1 vηvθΛ2 and b → b + yν2
δvφ
Λ
, the NLO corrections to
mDν are
δmDν =

 0 δ2 δ1 − δ2−δ2 δ1 δ2
δ1 + δ2 −δ2 0

 vu (64)
where δ1 = yν1
δvη2
Λ
+ 2xν1
vηvθ
Λ2
and δ2 = xν2
vφvθ
Λ2
. We notice that both δ1 and δ2 are of order
εa (or εb). Therefore, the NLO corrections to the light neutrino mass matrix are given by
δmν = −(mDν )TM−1N δmDν − (δmDν )TM−1N mDν
=
v2u
M

 −2(a− b)δ1 −(2a + b)δ1 − 6bδ2 −b(δ1 − 6δ2)−(2a + b)δ1 − 6bδ2 2b(δ1 + 3δ2) −(2a+ b)δ1
−b(δ1 − 6δ2) −(2a+ b)δ1 −2(a− b)δ1 − 6bδ2

 (65)
Diagonalizing the modified light neutrino mass matrix, we obtain the neutrino masses to LO
in δ1,2 as follows,
m1 =
∣∣∣(a− 3b)2 + (a− 3b)δ1
∣∣∣ v2u|M |
m2 = 4
∣∣∣a2 + aδ1
∣∣∣ v2u|M |
m3 =
∣∣∣(a+ 3b)2 + (a+ 3b)δ1
∣∣∣ v2u|M | (66)
The PMNS matrix becomes UPMNS = U
†
ℓUν , where Uℓ associated with the diagonalization of
the charged lepton mass matrix is given by Eq.(62), and the unitary matrix Uν diagonalizes
the neutrino mass matrix mν + δmν including the NLO contributions. The parameters of the
lepton mixing matrix are modified as
|Ue3| = 1√
2
∣∣∣ 1
6(|a|2 + 9|b|2)(ab∗ + a∗b) [(a+ 3b)
2(a∗δ∗1 + 6b
∗δ∗2)− (a∗ − 3b∗)2(aδ1 + 6bδ2)]
+
(mℓ21
mℓ22
ε
)∗
−
(mℓ31
mℓ33
ε
)∗∣∣∣
21
sin2 θ12 =
1
3
[
1− m
ℓ
21
mℓ22
ε− m
ℓ
31
mℓ33
ε−
(mℓ21
mℓ22
ε
)∗
−
(mℓ31
mℓ33
ε
)∗]
sin2 θ23 =
1
2
+
1
2(|a|2 + 9|b|2)(ab∗ + a∗b)
[
ab(a∗δ∗1 + 6b
∗δ∗2) + a
∗b∗(aδ1 + 6bδ2)
]
+
1
2
[mℓ32
mℓ33
ε+
(mℓ32
mℓ33
ε
)∗]
(67)
We see that the neutrino masses and mixing angles receive corrections of order λ2c with
respect to LO results. The value of sin2 θ12 is still within the 3σ range of global data fit,
and the corrections to both θ23 and θ13 are within the current data uncertainties as well. In
particular, a non-vanishing θ13 of order λ
2
c is close to the reach of the next generation neutrino
oscillation experiments and will provide a valuable test of model.
The NLO corrections to the mass matrices in quark sector have been analyzed following
the same method as that for the lepton sector. Since every entry of the mass matrices
mu and md in Eq.(41) and Eq.(42) is nonvanishing, the NLO contributions leads to small
corrections of relative order λ2c in each entry. Consequently the quark masses and mixing
angles are corrected by terms of relative order λ2c with respect to LO results, the successful
LO predictions are not spoiled.
7 Conclusion
We have constructed a SUSY model for fermion masses and flavor mixings based on the
flavor symmetry S4 ×Z3 ×Z4, the neutrino masses are assumed to be generated through the
See-Saw mechanism. At LO the S4 symmetry is broken down to Klein four and Z3 symmetry
in the neutrino and charged lepton sector respectively, this breaking chain exactly leads to
the TB mixing. It is remarkable that the mass hierarchies among the charged leptons are
controlled by the spontaneous breaking of the flavor symmetry. We further extend the flavor
symmetry to the quark sector, where the S4 symmetry is completely broken. The correct
orders of quark masses and CKM matrix elements are generated with the exception of the
mixing angle between the first two generations, which requires a samll accidental enhancement.
We have carefully analyzed the NLO contributions due to higher dimensional operators
which modify both the Yukawa couplings and the LO vacuum alignment, and we have verified
that all the fermino masses and mixing angles are corrected by terms of relative order λ2c
with respect to the LO results. As a result, the successful LO predictions are not spoiled.
Particularly we expect the mixing angle θ13 would be of order λ
2
c , it is within the sensitivity
of the experiments which are now in preparation and will take data in the near future [58,59].
Precise measurement of θ13 is an important test to our model.
The phenomenological consequences of our model are analyzed in detail. The low energy
observables including the neutrino mass squared difference, neutrinoless double decay, beta
decay, the sum of the neutrino masses and the Majorana CP violating phases are considered.
All the low energy observables can be expressed in terms of three independent parameters:
the ratio R = |b/a|, the relative phase Φ between a and b and the lightest neutrino mass
ml. Once the parameters are fixed to match ∆m
2
sol and ∆m
2
atm, there is only one parameter
left, which is chose to be ml in the present work. Both the normal and inverted hierarchy
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neutrino spectrum are allowed in our model. For normal hierarchy there is a low bound on
m1 of approximately 0.011 eV. In the case of inverted hierarchy, m3 is less constrained and
we only obtain the trivial constraint that m3 should be positive. The lower bounds of the
effective mass mββ are approximately 7.8 meV and 44.3 meV for the NH and IH spectrum
respectively. A combined measurement of mββ and the lightest neutrino mass can distinguish
the NH from the IH spectrum. The Majorana CP violating phases depend both on cos Φ and
sinΦ, whereas only cosΦ is involved in other low energy observables. It is remarkable that
the right handed neutrino masses are exactly degenerate at LO, the baryon asymmetry may
be generated via the rosonant leptogenesis.
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Appendix A: Representation matrices of the S4 group
In this appendix, we explicitly show the representation matrices of the S4 group for the
five irreducible representations. The matrices for the generators S and T depend on the
representations as follows
11, S = 1, T = 1
12, S = −1, T = 1
2, S =
(
0 1
1 0
)
, T =
(
ω 0
0 ω2
)
31, S =
1
3

 −1 2ω 2ω
2
2ω 2ω2 −1
2ω2 −1 2ω

 , T =

 1 0 00 ω2 0
0 0 ω


32, S =
−1
3

 −1 2ω 2ω
2
2ω 2ω2 −1
2ω2 −1 2ω

 , T =

 1 0 00 ω2 0
0 0 ω


where ω = e2πi/3 = (−1 + √3)/2. In the identity representation 11, all the elements are
mapped onto the number 1. In the antisymmetric representation 12, the group elements
correspond to 1 or -1 respectively for even permutation and odd permutation. For the 2
representation, the representation matrices are as follows
C1 :
(
1 0
0 1
)
C2 : STS2 = T 2S =
(
0 ω2
ω 0
)
, TSTS2 = TST =
(
0 1
1 0
)
, ST 2 = S2TS =
(
0 ω
ω2 0
)
C3 : TS2T 2 = S2 = T 2S2T =
(
1 0
0 1
)
C4 : T = S2T = TS2 = S2TS2 =
(
ω 0
0 ω2
)
, T 2 = S2T 2 = STS = T 2S2 =
(
ω2 0
0 ω
)
C5 : S = S3 =
(
0 1
1 0
)
, T 2ST = TS =
(
0 ω
ω2 0
)
, ST = TST 2 =
(
0 ω2
ω 0
)
For the 31 representation, the representation matrices are
C1 :

 1 0 00 1 0
0 0 1


C2 : STS2 =

 1 0 00 0 ω
0 ω2 0

 , TSTS2 =

 1 0 00 0 1
0 1 0

 , ST 2 = 1
3

 −1 2ω
2 2ω
2ω 2 −ω2
2ω2 −ω 2

 ,
S2TS =

 1 0 00 0 ω2
0 ω 0

 , TST = 1
3

 −1 2 22 2 −1
2 −1 2

 , T 2S = 1
3

 −1 2ω 2ω
2
2ω2 2 −ω
2ω −ω2 2


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C3 : TS2T 2 = 1
3

 −1 2ω 2ω
2
2ω2 −1 2ω
2ω 2ω2 −1

 , S2 = 1
3

 −1 2 22 −1 2
2 2 −1

 , T 2S2T = 1
3

 −1 2ω
2 2ω
2ω −1 2ω2
2ω2 2ω −1


C4 : T =

 1 0 00 ω2 0
0 0 ω

 , T 2 =

 1 0 00 ω 0
0 0 ω2

 , T 2S2 = 1
3

 −1 2 22ω −ω 2ω
2ω2 2ω2 −ω2

 ,
S2T =
1
3

 −1 2ω
2 2ω
2 −ω2 2ω
2 2ω2 −ω

 , S2TS2 = 1
3

 −1 2ω 2ω
2
2ω −ω2 2
2ω2 2 −ω

 , STS = 1
3

 −1 2ω
2 2ω
2ω2 −ω 2
2ω 2 −ω2

 ,
S2T 2 =
1
3

 −1 2ω 2ω
2
2 −ω 2ω2
2 2ω −ω2

 , TS2 = 1
3

 −1 2 22ω2 −ω2 2ω2
2ω 2ω −ω


C5 : S = 1
3

 −1 2ω 2ω
2
2ω 2ω2 −1
2ω2 −1 2ω

 , T 2ST = 1
3

 −1 2 22ω2 2ω2 −ω2
2ω −ω 2ω

 , ST = 1
3

 −1 2 22ω 2ω −ω
2ω2 −ω2 2ω2

 ,
TS =
1
3

 −1 2ω 2ω
2
2 2ω −ω2
2 −ω 2ω2

 , TST 2 = 1
3

 −1 2ω
2 2ω
2 2ω2 −ω
2 −ω2 2ω

 , S3 = 1
3

 −1 2ω
2 2ω
2ω2 2ω −1
2ω −1 2ω2


Since the signs of the generator S are opposite in 31 and 32 representations, the represention
matrices for the 32 representation can be found from those of the 31 representation: the
matrices are exactly the same for C1, C3 and C4 classes, whereas they are the opposite for C2
and C5.
Appendix B: NLO corrections to the vacuum alignment
In this appendix, we will analyze the NLO corrections to the vacuum alignment induced
by the higher dimensional operators. At NLO the driving superpotential dependent on the
driving fields is modified into
wv +∆wv (68)
where wv is the LO contributions shown in Eq.(7), which are of dimension three. ∆wv is most
general set of terms suppressed by one power of the cutoff, which are linear in the driving
fields and are invariant under the symmetry of the model. Concretely ∆wv is given by
∆wv =
1
Λ
[ 2∑
i=1
piOϕi +
5∑
i=1
xiOξ
′
i +
3∑
i=1
tiOθi +
2∑
i=1
eiOηi +
2∑
i=1
siOφi
]
(69)
where pi, xi, ti, ei and si are order one coefficients, {Oϕi ,Oξ
′
i ,Oθi ,Oηi ,Oφi } are the complete
set of invariant operators of dimension four,
Oϕ1 = (ϕ0(ϕχ)32)12 θ, Oϕ2 = (ϕ0(ηφ)32)12 ∆ (70)
Oξ1 = ξ′0θ(ϕ2)11 , Oξ2 = ξ′0θ(χ2)11 , Oξ3 = ξ′0∆(η2)11 , Oξ4 = ξ′0∆(φ2)11 , Oξ5 = ξ′0∆3 (71)
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Oθ1 = θ0(η3)11 , Oθ2 = θ0(φ3)11 , Oθ3 = θ0(ηφ2)11 (72)
Oη1 = (η0(η2)2)12θ, Oη2 = (η0(φ2)2)12θ (73)
Oφ1 = (φ0(φ2)31)12θ, Oφ2 = (φ0(ηφ)31)12θ (74)
The NLO superpotential ∆wv results in shift of the LO VEVs, then the vacuum configuration
is modified into
〈ϕ〉 = (δvϕ1 , vϕ + δvϕ2 , δvϕ3), 〈χ〉 = (δvχ1, vχ, δvχ3),
〈η〉 = (vη, vη + δvη2), 〈φ〉 = (vφ + δvφ1, vφ + δvφ2, vφ + δvφ3),
〈θ〉 = vθ + δvθ (75)
Note that the VEV v∆ doesn’t receive correction at NLO. Similar to section 3, the new
vacuum configuration is obtained by imposing the vanish of the first derivative of wv +∆wv
with respect to the driving fields ϕ0, ξ′0, θ0, η0 and φ0. Only terms linear in the shift δv are
kept, and terms of order δv/Λ are neglected, then the minimization equations become,
(2g1vϕ + g3vχ)δvϕ3 + (2g2vχ − g3vϕ)δvχ3 = 0
2g1δvϕ2 + p1
vχvθ
Λ
= 0
(2g1vϕ − g3vχ)δvϕ1 + (2g2vχ + g3vϕ)δvχ1 = 0
g4(vϕδvχ3 + vχδvϕ3) +
1
Λ
(2x3v∆v
2
η + 3x4v∆v
2
φ + x5v
3
∆) = 0
κvθδvθ +
1
Λ
(t1v
3
η + 3t3vηv
2
φ) = 0 (76)
Solving the above linear equations, we obtain
δvϕ1 =
2g2vχ + g3vϕ
g3vχ − 2g1vϕ δvχ1
δvϕ2 = −
p1
2g1
vχvθ
Λ
δvϕ3 =
2g2vχ − g3vϕ
2g4Λ(2g1v2ϕ + g3vχvϕ)
[2x3v∆v
2
η + 3x4v∆v
2
φ + x5v
3
∆]
δvχ3 = −
2g1vϕ + g3vχ
2g4Λ(2g1v2ϕ + g3vχvϕ)
[2x3v∆v
2
η + 3x4v∆v
2
φ + x5v
3
∆]
δvθ = −t1
κ
v3η
Λvθ
− 3t3
κ
vηv
2
φ
Λvθ
(77)
where δvϕ2,3 , δvχ3 and δvθ are of order 1/Λ, δvχ1 is undetermined, and it is expected to be
suppressed by 1/Λ as well. The minimization conditions for the shift δvη2 and δvφ1,2,3 are
2f2vφ(δvφ1 + δvφ2 + δvφ3) + e1
v2ηvθ
Λ
+ 3e2
v2φvθ
Λ
= 0
2f1vηδvη2 + 2f2vφ(δvφ1 + δvφ2 + δvφ3)− e1
v2ηvθ
Λ
− 3e2
v2φvθ
Λ
= 0
f3(vηδvφ2 − vηδvφ3 − vφδvη2) + 2s2
vηvφvθ
Λ
= 0
f3(vηδvφ1 − vηδvφ2 − vφδvη2) + 2s2
vηvφvθ
Λ
= 0
f3(vηδvφ3 − vηδvφ1 − vφδvη2) + 2s2
vηvφvθ
Λ
= 0 (78)
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The solutions to the above equations are
δvη2 =
2s2
f3
vηvθ
Λ
δvφ ≡ δvφ1 = δvφ2 = δvφ3 = −
e1
6f2
v2ηvθ
Λvφ
− e2
2f2
vφvθ
Λ
(79)
We notice that 〈φ〉 acquires O(1/Λ) corrections in the same directions, and the shift δvη2 is
in general non-zero. Since all the VEVs approximately are of the same order O(λ2cΛ) at LO,
we expect δV EV
V EV
∼ V EV
Λ
∼ λ2c . Therefore the LO vacuum alignment in Eq.(9) and Eq.(12) is
stable under the NLO corrections.
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